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Let P, be the set of all polynomials of degree r in m variables over GF(2). 
Polynomial f in P, is said to be affine equivalent to polynomial g in P, , if f is 
transformable to g by an invertible affine transformation of the variables. Any 
polynomial of weight less than 2m-r+1 + 2”-r-r in P, is shown to have a simple 
structure. By using this fact, we find out a set of representative polynomials 
such that any polynomial of weight less than 2m-r+1 + 2+-r in P, is afIine 
equivalent to one and only one polynomial of the set. By counting the number 
of polynomials which are affine equivalent to each representative polynomial 
in the set, we derive explicit formulas for the enumerators of all weights less 
than 2.5d of Reed-Muller codes, where d is the minimum weight. 
1. INTROLNJCTION 
Explicit weight enumerator formulas are known for the second-order 
Reed-Muller (RM) codes by Sloane and Berlekamp (1970), and for the 
codewords of weight less than 2d of any order RM codes by Kasami and 
Tokura (1970), h w ere d is the minimum weight. The weight distribution of 
the (127, 64) RM code also was found by Sugino et al. (1971). We derived the 
weight enumerator formulas for the codewords of weight less than 2.25d of 
the third-order RM codes, and by using these results we found the complete 
weight distributions for the RM codes of length 256 (Kasami, Tokura, and 
Azumi, 1971), which were found independently by Sarwate and Berlekamp 
(1971, 1972) and by Tilborg (1971). 
In this paper we characterize the codewords of weight less than 2.5d of 
RM codes of any order, and derive the weight enumerator formulas for those 
codewords (Kasami, Tokura, and Azumi, 1972, 1973a, b). 
* To whom all correspondence should be addressed: Tadao Kasami, Faculty of 
Engineering Science, Osaka University, Toyonaka, Osaka 560, Japan. 
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2. PRELIMINARIES 
For 1 < Y < m, let P, be the set of polynomials over GF(2) of m variables 
of degree r or less, and let P,, = (0, I}. P o ly nomials of degree 1 are said to be 
linear. Let f =f(xl , x2 ,..., x,) be in P, and let V, be an m-dimensional 
vector space over GF(2). Let j f 1111 d enote the number of those elements 
(a1 >**., a,) in V, for which f(~~r ,.. ., a,) = 1, and 1 f Jm is called the weight 
off. By Muller’s definition (1954), each code vector in the rth order RM code 
corresponds to each polynomial in P, , and the weight of a codeword is equal 
to that of the corresponding polynomial. Hence, we will consider the weight 
distribution of polynomials in P, instead of that of codewords. 
The m linear equations 
yi = Ui, + ~ UijXj ) 
j=l 
a,, , uij E GF(2) for1 <i<rn 
(1) 
define an affine transformation. If the coefficient matrix /I aij I/ is nonsingular, 
this transformation is called an invertible affine transformation. If f E P, 
can be transformed to g E P, by an invertible affine transformation, f is said 
to be affine equivalent to g and we write f m g. If f w g, then 1 f lm = j g lm. . 
P, is partitioned into affine equivalent classes. For an affine equivalent class, 
we will choose a representative polynomial with the smallest number of 
variables. Let m(f) denote the number of variables of the representative 
polynomial of the affine equivalent class containing f. For f E P, , we write 
f E P,,, if there exist n mutually independent linear polynomials u1 , ua ,. . . , u, 
such that ur = ua = ... = u, = 0 implies f = 0. 
The following lemma summarizes some known results which are used 
below (see Sloane and Berlekamp, 1970; Kasami and Tokura, 1970). 
LEMMA 1. (1) If f E Pz and 0 < ifirn < 2”, then 1 f Irn is of the form 
p-1 + ,p-l-1 
where1 <E<mm/2und~iseithe~-l,O,orl. 
(1.1) / f lm. = 2+l - 2m-1-z (0~ 2+l + 2”-l-3 if and only if 
f 5% +%! + 33x4 + ... + %z-1%z (oy f m ~1~2 + x3x4 + ... + x21-$%I + 1). 
(1.2) / f Irn = 21n-l if and only iff M x1x2 + x3x4 + ... + x2z-lx2L + x2z+l 
for 0 < 1 f (m - 1)/2, where xi’s are mutually independent. 
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(2) Suppose that f E P, and 0 < 1 f lm. < 2m-r+1. Then, 1 f jm. is of the 
f arm 
2m-r+1 _ p-‘-l > 0 < I < max(m - r, (m - r + 2)/2). 
(2.1) jfInz=2m-TzfandonZyzff~x,...x,. 
(2.2) /f Im. = 2?n-r+1 - 2m-r-z ifand only if 
f % x, ... xv&-z+1 ... x, + x,+1 ... %,I> for m > Y + 1 
OF 
f Rd x1 ... x,-2(‘%%" + ~~+l~,Iz + ... + x,+21--3%+zI--2) 
fop m > Y $ 21 - 2. 
3. REPRESENTATIVE POLYNOMIALS AND THEIR COUNTING 
The following theorem characterizes the polynomials of weight less than 
2.5d, and the proof is omitted. 
THEOREM 1. Suppose that f E P, and 1 f Im < 2m-T+1 + 21n-r-1. 
(1) If r > 4, then f E Pr,% . 
(2) If r = 3, then either f E P3,2 or 
f= X1X2X3 + x4x5x3 + x,g, (4 
where xi’s are mutually independent linear polynomials and g E Pz is independent 
of x7 . Furthermore, if m(f) > 9, then 
f w x1x2x3 + x,x,x6 + x7(x3x, + axlx4), (3) 
where a E GF(2). 
(3) If r = 3 and 1 f Inz < 2nz-rf1 + 2m--T-2, then f E P3,2. 
We present a set of representative polynomials such that any polynomial of 
weight 2d < 1 f jm < 2.5d in P, - P,,, with Y 3 3 is affine equivalent to one 
and only one polynomial of the set. For each representative polynomial, 
we count the number of those polynomials which are affine equivalent to the 
polynomial. As shall be explained in Section 4, we need not consider the 
polynomials such that m(f) < 9 and / f Im > 2d. By Theorem 1, it is sufficient 
to consider the polynomials in Pr,2 . The polynomial f is expressed as 
f = xg + yh + xyk (4) 
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where f E P, , g, h E P,-, , k E P,-, and g, h, k are independent of x, y. Then, 
lfi~=lglm-2+lhlm-2+lg+h+kl,-,. (5) 
There is no loss of generality in assuming that 
[ g /we2 < I h L-2 < I g + h + k L-2 1 (6) 
It follows from Lemma 1 that we can consider the following two cases. 
(1) I g lm-s = 2+p-r, 1 h jm-2 = 2’n-’ - 2m-‘4, 
1 g + h + k I+2 < 2”-” + 2”-‘-” for s > 2, (7) 
(2) ( g Irnoa = / h lm--2 = 2”-‘-l + 2m-r-2, / g + h + k I+-2 < 2m-r. 
(8) 
Since the weights of g and h are less than twice the minimum weight, the 
form of these polynomials are given by Lemma 1. Furthermore, some close 
relation between g and h holds by the restriction of I g + h + k jm-a and 
the following theorem is derived. 
THEOREM 2. Suppose that (1) f E P, - P,,, with Y >, 3, (2) 2m-r+l < 
~fIm.<2m-T+1,,d(3)m(f)),9ifa’therr>,4or/f/,=2~-~+1+2~-*-2. 
Then, f is afine equivalent to one of the polynomials listed in Table 11. 
COROLLARY 1. Suppose that f E P3 - P3,1 . 
(1) Y If L = 2m-2, then f is a ne e uivalent I% q to one of the following 
form : 
W,~3 + (Xl + 1) x4x5 , 
+%~3 + x4c%% + ~3%), 
WY3 + X4(X3% + %X7). 
(2) If 2m-2 < I flm < 2m-2 + 21n-5, then j fm / = 2m-2 + 2m-6 and f 
is afine equivalent to xlxzx, + x4(x5x6 + x,x&. 
The proofs of these results are lengthy and are omitted here. For the 
details, refer to the report of Kasami, Tokura, and Azumi (1974). 
Let N(f) denote the number of polynomials f’ such that f’ M f in V, , 
1 By d, we mean the minimum weight 2+” and (lO.OlOld) is a binary representation. 
643/30/4-6 
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TABLE II 
N(f) of Representative Polynomials in Table I 
Weight W.1 
10.0101d 
lO.Olld 
10.0111d 
10.01 ..* Id 
s-2 
10.01 ... Id 
s-l 
10.01 ... Id 
s 
10.01 ... 1Old 
s-2 
10d 
10.01 ... Id 
TT 
10.01 ... Id 
-zT 
10.01 ... Id 
5-2 
10.01 ... 1Old 
r-4 
10.01 ... 101d 
-7x 
(1) 
(2) 
(12) 
(13) 
(14) 
(15) 
(3) 
(4) 
(16) 
(17) 
(18) 
(5) 
(6) 
(8) 
(9) 
(10) 
(7) 
(11) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24 
(25) 
(26) 
(27) 
31 73 121 
35 1 2 - - 
29 3 2 3 - 
29 1 2 3 - 
28 2 2 3 - 
29 3 2 3 - 
29 3 2 3 - 
35 1 2 3 - 
38 2 - 3 1 
37 3 2 1 1 
36 1 1 3 1 
34 2 2 3 1 
2s2+3s+z . j3,,+,/3 * ys-g a 
2s2+5s+2 * &+J3 . ys-l 
2s2+7s+7 . pzs+J3 . 7 - ys 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
1 1 1 
2 1 1 
2 1 1 
2 1 1 
2 1 1 
m-1 s-1 
Q Where A = n (2*-<-l), I/~ = 17 (@*l-l), and assuming that the multiplica- 
i=o i=o 
tion is preceded by the division. 
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and let I ( f )  be the number of the affine transformations which keep f inva- 
riant. Then, 
rr~--I 
N( f )  = 2m(m+~)/~ I-I ( 2m-e - 1)/I(f). (9) 
~=0 
As the arguments for finding I ( f )  for each representative polynomial are 
straightforward but lengthy, they are omitted (see Kasami, Tokura, and 
Azumi, 1974). For some cases, I ( f )  were found by a computer. By (9), we 
obtain N( f )  from I ( f ) .  The results are tabulated in Table II.  
For each polynomial f in Table I, it is easy to check that the number of 
variables occurring in its expression is identical with re(f). 
I f f~ m f2,  then (1 )k  andf~ have the same degree, (2) If ,  [m = If2 i~, 
(3) m(fl) = re(f2), and (4) I(fl) = I(f2). At least one of these conditions does 
not hold for any two polynomials in Table I. Hence, we have the following 
theorem. 
THEOI~EM 3. Any two polynomials in Table I for which m(f)  >/9 are not 
@qne equivalent. 
4. ENUMERATOR FORMULAS 
Let N . . . . .  be the number of codewords of weight w of the rth order RM 
code of length 2% For r ~ 2, let N~ ..... be the number of polynomials f such 
that f~Pr - -P , ' , I  and [ f I~  = w, and let M,~,r,, o be the number of poly- 
nomials f such that feP~, -- Pr-1 -- Pra,  ] f [~ = w and re(f) = m. Let 
N~r , .. . .  =N . . . .  ~ for r<2.  
For simplicity, let 
J -1  
%~,J = [ I  ( 2"*-i - -  1)/( 2j-i - -  1) for 0 < j  ~< m, 
/=0 
~,o  = 1 and ~,,o = 0 for j  > m. 
For f e P r ,  there exist mutually independent linear polynomials with no 
constant term u 1 , u 2 , . . . ,  u , , , ( , )  such that 
f =F( . I ,  u e ..... u~(,)), (10) 
where F is binary polynomial of re(f)  variables in P~ . Since the number of 
subspaces of dimension j in Vm is a,.o. , we have that 
N( f )  = N~(F) am,j, ( I I )  
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where j = m(f) and N,(F) denotes the number of polynomials F’ such that 
F’ mF in Vmlf). By definition, we have 
If lm = 2-m(r) I F lmw . (12) 
It follows from (II), (12), and the results of Kasami-Tokura (1970) that 
Now, consider N,,T,W with 2+r+l < w < 2+r+r + 2+r-r. By definition, 
and if 
NL,o,, = 0, (15) 
N&--r+l,l,2-+l = 1, (16) 
w > 2m-++l, 
(17) 
Let f E P, . If If Lt2 is of the form 2++++1 + ~2+r+~-c , where 13 2 and 
E is either - 1 or 1, then by Lemma 1 f has no linear factor. That is, for 
w = p-r+1 + 2m-r-2 or 2m-~+l + 2m-r-3, we have that 
By Lemma 1.1.2 and Sloane-Berlekamp formula (1970), we have 
= 2 (2(nl-?+2,(m-r+3,;2 -2?n-r+2 
bn-r+2/21 
_ c 
2=1 
2Z'Z+l' fi (2m-r+4-2i - 1)(2?+~+3-2i - 1)/(4” - 1)). 
i=l 
(19)2 
2 Letting [x] denote the integer part of x. 
WEIGHTS OF REED-MULLER CODES 389 
For the remaining weights of Table I, we have 
NA--r+2,2,w = 0. (20) 
By Lemma 1.1, we have that 
NL+i,i--1,w = 0, (21) 
for 3 < i < Y and 2m-r+1 < w < 2m-T+1 + 2m-T-1. Since f~ P,-r such that 
/ f lm--T+i = 2m-~+i has linear factors by Lemma 1.2.1, we have that 
N~+~,i-ly-~+~ = 0 
Hence, it follows from (13)-(22) that 
for i > 3. (22) 
where the first term is zero except for the case w = 2+?+r, and the second 
term is zero except for the cases w = 2”-T+1, 2”~~;~ + 2m--r-2, or 
27n-r+l+ 2"-r-3. 
Then, for finding N,,,,, , it is sufficient to find M,,,,, with Y > 3. If 
N ml,Tt,20r with m’ < m, Y’ < Y, w’ < w are known, then Mm,,,, can be found 
by (13) and (14). 
Corollary 1 .l implies that 
Mi,3,2i-2 = 0 fori< and i>,8. 
As N5,3,23J N6,3,24 and %3,2 5 are known (Peterson and Weldon, 1972; 
Sloane and Berlekamp, 1970; Sugino et al., 1971), we can calculate Mi,3,2i-2 
with 5 < i < 7. Hence, we can find Ns,3,.a~. 
The weight distribution for the third-order RM code of length 256 can 
be calculated by using the MacWilliams-Pless identities (1963), Ns,3,26, and 
previously known results. At the same time, the weight distribution of the 
dual code, that is, the fourth-order RM code of the same length can be found. 
The results3 are tabulated in Tables III and IV. 
Then, Mmp,,, with m < 8,2 < Y < 5 and w < 2” are calculated from (13), 
(14) and the known weight distributions of the RM codes (Sloane and 
3 They are found independently by D. V. Sarwate and E. R. Berlekamp, and by 
H. C. A. Van Tilborg. 
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TABLE III 
Weight Distribution of the (256, 93) Reed-IVIuller Code 
Weight Number of codewords 
0 256 1 
32 224 777240 
48 208 2698577280 
56 200 304296714240 
64 192 74984804718940 
68 188 707415842488320 
72 184 28055013884190720 
76 180 764244915168215040 
80 176 20661827603503720320 
84 172 414411510493363568640 
88 168 6266131517201901649920 
92 164 71773299826457585909760 
96 160 627671543662325464743336 
100 156 4208997665316969256058880 
104 152 21729945674277436342763520 
108 148 86666254361102444207800320 
112 144 267788217345284850768843520 
116 140 642477460725187489919139840 
120 136 1198959833392658891791089664 
124 132 1742452898879489085360046080 
128 1973540804513554426870962630 
Berlekamp, 1970; Sugino et al., 1971; Azumi, 1972; Peterson and Weldon, 
1972). For the weights of nonzero N,,,,, , McEliece’s theorem (1967) implies . 
that 
w 3 0 mod 2r”lr-ll. (24)4 
Hence, it follows from Lemma 1.1 that 
w s 0 mod Zqn-r-l for nonzero iVms,,, , 
that is, 
M wl,T,%O = 0, G5) 
where 6 < Y < m < 8 and 2m-r+1 < w < 29’-r+l+ 2+r-l. Thus, Mm,,,, 
with m < 8 are found. This is the reason why we omit representative poly- 
nomials such that m(f) < 9 and j f jllL > 2d. 
4 Ix1 is the smallest integer not less than x. 
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TABLE IV 
Weight Distribution of the (256, 163) Reed-M&x Code 
391 
Weight Number of codewords 
0 256 
16 240 
24 232 
28 228 
30 226 
32 224 
34 222 
36 220 
38 218 
40 216 
42 214 
44 212 
46 210 
48 208 
50 206 
52 204 
54 202 
56 200 
58 198 
60 196 
62 194 
64 192 
66 190 
68 188 
70 186 
72 184 
74 182 
76 180 
78 178 
80 176 
82 174 
84 172 
86 170 
88 168 
90 166 
92 164 
94 162 
96 160 
98 158 
100 156 
102 154 
104 152 
106 150 
108 148 
110 146 
112 144 
114 142 
::i :;i 
120 136 
122 134 
124 132 
126 130 
128 
321259; 
12593360640 
1518742159360 
1684323434496 
233496616617720 
2063296207257600 
54280709965103104 
1024338139923087360 
25271993786704661248 
603379495807494389760 
13998543472444653895680 
298775981892205893648384 
5792904737745505583537040 
101725228669626911287541?60 
1619655103361553447861288960 
23435653229613092732959457280 
308941792660416044928779524608 
3719273524902445073837200506880 
40981372648367710021141215215616 
414148061917386717136716897976320 
3845865740985098084153656733970460 
32875427932422826665629654267723776 
259121294793270153611466687882362880 
188605~681929059537~72710259084886016 
12695483901710681749967786414856153600 
79134086234476257641768992797402071040 
457339485697038600618543369383960838144 
2453459578418327749200576673639248691200 
12230806563900562981707845456248681281072 
56716176174410575390693261465510351994880 
244875263238490980346747111613764017520640 
985262823793471369746073474545690857177088 
3697309421267214103563968278797989344922880 
12950276294269661032872450947377797921767424 
42368378848638323191202044762640411170160640 
129557481504889805983197043298619420678553600 
370517350088464748677470521131800330554441928 
991580200473590914392519896365603968956497920 
2484559439836444906990396066029287139548184576 
5831551859032115012912215228214655135598510080 
12827018755648824243756531555364963184311752960 
26451548469228449524470107730234870274669412352 
51158887878303178867786502358879971526397788160 
92828420735244760932078000769967061467840643072 
158074136669845219351604852205080433917024790800 
252683016776585192471619307427727581989872599040 
379251826251519942307681433987533196635741224960 
534567618312690935676813938529282418033536532480 
707740573698040386974691659250234195433441467392 
880240951926543809928802356968362051497004892160 
1028563745485706295956669509417284523312047390720 
1129265034025624245213546787421529408984443781120 
1164971371906499969599368781577141376282748620870 
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By Table II, W,t,T,w with m > 9, Y 2 3, and 21n-r+r ,( w < 2”pT*l + 2m-r-1 
are found too. 
Then, by using (23), (25) and known A&,,,, (Azumi, 1972), the weight: 
enumerator formulas for N,,,,, of any order with 
p-r+1 < f.J < p-r+1 + p-r-1 
are obtained. Formulas for nonzero N,,,,, are listed below and that for other 
weights in the interval is N,,,,, = 0. 
ENUMERATOR FORMULAS FOR 
p-r+1 < w < p-r+1 + p-r-l 
(4 Nrw,2-+1 (w = 10d) 
= p-1 * OI,,r-l + 2~-1.(2(m-r+Z)(m-r+3)/2 -2m-+"+2 
rm-r+z/zl 
_ c 2Z'Zfl' @--4-2i - 1) 
I=1 
x (2+-r+34 - 1)/(4i - 1)) * +&r-s 
+ 2r+5 * 5 . 7 * 31 .(Olm++3,5 + 2s. 33 - 7 * %.++3,fj 
+ 27 . 32 .7 . 127 . 01,-,+~,,) . am,+-3 
+ 2T+10 * 32 . 7 . 31 * (01,,+,+~,~ + 2 . 5 - 7 - 127 . mm-r+4,,) . am-4 
(b) Nm,r,2m-r+1+2m-r-3 (w = 10.001d) 
= 2%2 .N 
m-r+2,2,2"-T'1+2~-"-3 * %,T-2 
+ 2r+22 * 32 . 5 . 7 . 17 * 31 . 127 * 01,~,+3,3 . '%n,ym3 
+ 2’+19 . 3 * 52 * 72 * 17 - 31 * 127 * c~p,+~+.~,~ . o?n~,q.-~. 
(4 Nm,r,2m-v+1+2m--r--2 (w = lO.Old) 
= 27-Z . N 
m-y+2,2,2+'+1+27++2 * %,r-2 
+ 21‘+11 . 3 - 7 . 31 * (7 * 23 * am.++3,6 + 2” . 5 . 127 * 661 . %n-,+3,7 
+ 26 . 52 * 72 * 13 * 17 - 127 * 01%~,+3,3 
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-}- 21~ • 3 • 5 • 7 ~ • 17  • 73  " 127  • %~-r+~,9)  " ~,,,,~-3 
+ 2 "+1~ • 3 " 72 • 31  • 127  • (3  -0 • 5 • e,~_,.+4,7 +23 • 17  • 19  " 53  " ~_, .+~,  
+ 29 • 3 • 52 • 17  • 73  • a .~_~+~,~)  • %, , , * -4  
÷ T "+23 • 3 " 5 • 7 " 17  " 31 " 127  " (11 " a,,-~+.~,8 
+ 3 " 5 " 7 " 73  " ~m-, '+~,9) " c~ . . . . . .  5"  
= 2 *'+z~ " 3 " 5 " 17  " 31 " 73  " 127  " (5  " ~ . . . .  ~-3,9 
+ 2 z " 7 • 11 " 31 " c%_~+3ao)  " a . . . .  3 
%- 2 r÷'~2 • 3 " 7 ~ " 11 " 17  " 31 z " 73  " 127  " am-~+4,1o " %~.~'-a 
-1- 2 *+z° " 3 ~ " 5 z " 7 " 11 " 17 " 31 ~ " 73  " 127  " :%-~'+5,ao " ~* ,* -5  • 
(e)  N~n,~,~,~_~+~+z . . . .  ~+2 . . . .  " (w  = 10 .011d)  
2 ~+21 • 3 • 5 • 72 • 17  • 31 • 127  - (2  " 463  • c~.~_r+z,s 
+ 3 • 11 • 73  • 317  • %, - r+z .9  + 26 " 32 " 7 " 11 " 31 • 73  " c~.~_~+z,1 o 
q -  2 a~ " 11 ' 23  " 31 " 73  " 89  " ~, ,~-~+z,n)  " ~.~,~-3 
+2 ~+24"3"5"7"17"31"127"(3"181 "~, . _~+a,8  
+ 2 ~ " 5 " 7 " 41  " 73  " a.*-~+4,9) " c%, , ' -4  
+ 2 *+z~" 3 z " 5 "7  • 17  • 31 " 73  " 127  • (5  " 7 " 23  " ~, '+5.D 
-}- 24 " 3 ~ " 5 " 11 " 31 " ~,~-~+~,1o 
+211"11"23"31"89"c~ ...... +~.n) '%~,~-5  
+ 2 ~+z~ " 3 ~ " 7 " 11 " 17  • 31 "~ • 73  " 127  " (7  • ~m-, '+~,ao 
+ 2 z • 5 • 23  " 89  • a~_~+~,n  ) • %.,, ._~ . 
( f )  N~, , .  ~_ ,+~+~ . . . .  ~+~ . . . .  ~+~ . . . .  , (w  = 10 .011 ld )  
= 2 ~'+z~ • 3 " 7 ~ " 31 " 73  • 127  • (2  " 5 z • 7 " 17  • ~,~-*+,~,9 
+ 2 z • 11 " 17  • 31 • 47  • ~-~÷~.ao  
-q:- 5 " 11 " 17  • 23  • 31 • 73  • 89  • ~,,,_~+.~,~ 
+28"3  ~ '5  ~ '7"11  "13"17"23"31"89"~,~_~+a.~0 
-}- 2 ~s • 3 ' 5 • 7 " 11 " 13 • 23  • 31 • 89  " 8191 " ~-~+zaz)  o~,~._~ 
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+ 2r+32 * 3 * 5 * 7 . 11 . 17 . 312 -73 * 127 . 139 . CX+~+~,~Q . IX~,~-~ 
+ 2’+2Q - 32 * 5 * 7 . 11 * 17 . 3P * 73 3 127 * (52 * 11 * ~“rn.+.+~,~~ 
+ 26 .23 .89 . ~m-r+5,11) . N,,,-~ 
+ 2C+36 . 32 . 5 . 7 - 11 . 17 . 23 . 31 . 73 . 89 * 127 . (31 . a,-,,G,II 
+ 24 * 32 * 7 . 13 * 31 * o&+r+&12 
+ 212 . 3 * 7 * 13 * 8191 * ol,-,“6,13) . %,?.-6 
+2T+~3~3~~5~72~11~13~17~23~31~73~89~127~(3~o1,~~+7,12 
+ 24 .8191 - %++,,13) * %,,-7 * 
(g) 
= 2rtk2t5k+7 . 
,&,-~+3 ’ (1/3 ’ 7 * Yk-1 + 22k-3 ’ 4113 * Yk 
+ z4’“+v ’ Yk+l) ’ %,T-3 
+ 2r+73+57@ * pm-rSkf2 * (113 . pk2 + 2kv3 - Pk . kd . kr-k-2 
+ 2r+k2+6k+9 *pm-r+k+3 . (U3 * P, * P,,, + 2”*vP2,+, 
+ z2”+v3 ’ pk+l ’ pk+Z) ’ %&r-k-3 
+ 2r+k2+7k+13 . &+.+k+4 ’ (1/3 . 5 ’ ft$ . PkJr2 
+ 2”w ’ pktl ’ !%+2> ’ %&r-k-4 . 
u4 N m,,,2”-T+1+2~-‘-1_2”-~-~-~t2~-~-~-~ 
(w = 10.01 ~~~lOld,m-~-~m/r~-2~3~22) 
= 2r+7c2+11k+22 ’ Pm+.+3 ’ 01nz,+-3/3 “7 ’ Y&2 
+ 2r+k2+Qk+22 . /&,,-r+k+3 * am,r-k-3,,32 ’ 5 ’ ,&+I * Pk+3 
+- 2r+kz+9kf20 ’ &,,+k+4 ’ am,+k-4132 ’ i$,, 
where 
o?%,$ = sg (2+i - l)/@-” - 1) for 0 cj < m, 
a: -1 olm,j=o n&o - 7 forj < 0 or j > m, 
m-1 
8, = fl (2”-” - l), 
i=O 
and 
S-l 
ys = l--J (4ifl - 1). 
i-0 
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